We present a renormalization group analysis for the hyperbolic sine-Gordon (sinh-Gordon) model in two dimensions. We derive the renormalization group equations based on the dimensional regularization method and the Wilson method. The same equations are obtained using both these methods. We have two parameters α and β ≡ √ t where α indicates the strength of interaction of a real salar field and t = β 2 is related with the normalization of the action. We show that α is renormalized to zero in the high-energy region, that is, the sinh-Gordon theory is an asymptotically free theory. We also show a non-renormalization property that the beta function of t vanishes in two dimensions.
I. INTRODUCTION
The sine-Gordon model is an important model and plays a significant role in physics [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . It is known that the sine-Gordon model is equivalent to the massive Thirring model in the weak coupling phase [1, [15] [16] [17] .
The sine-Gordon model has universality in the sense that there are many phenomena that are closely related to it. The two-dimensional sine-Gordon model is mapped to the Coulomb gas model with logarithmic Coulomb interaction [4, 18, 19] .
The hyperbolic sine-Gordon model (sinh-Gordon model) is similar to the sine-Gordon model, where the cosine potential is replaced by the hyperbolic cosine one. The sinh-Gordon model has been studied as a field theory model [20] [21] [22] [23] [24] [25] [26] . It appears that the sinh-Godron model is similar to the φ 4 model when we expand cosh φ in terms of φ. In fact, both models have a kink solution as a classical solution. There is, however, the significant difference between these models that the φ 4 model is renormalized in four dimensions while the sinh-Gordon model is renormalizable in two dimensions.
The Lagrangian of the sine-Gordon model is given as
for a real scalar field φ. This is written as
where β = √ t and g = α/t with the transformation φ → βφ. The sinh-Gordon model is obtained by performing the transformation in Eq. (2):
In this paper we investigate the sinh-Gordon model by using the renormalization group theory. We use the dimensional regularization method [27, 28] as well as the Wilson renormalization group method [29, 30] . The beta functions are derived using these methods and show that the coupling constant for the hyperbolic cosine potential decreases as the energy scale increases. Namely, the model shows an asymptotic freedom.
The paper is organized as follows. In Sect. 2, we present the model that we consider in this paper. In Sect. 3, we derive renormalization group equations on the basis of the dimensional regularization method. In Sect. 4, we examine the renormalization procedure based on the Wilson method, and in Sect. 5 we investigate the scaling property. In Sect. 6 we consider the generalized model with high-frequency modes and examine their effect on scaling property. A summary is given in the final section.
II. SINH-GORDON MODEL
We consider the Lagrangian density for a real scalar field φ:
where t 0 and α 0 are bare coupling constants, and φ B is a bare real scalar field. The second term is the potential energy given by the hyperbolic cosine function cosh φ = (e φ + e −φ )/2. t and α denote the renormalized coupling constants. They are related to bare quantities through the relations given as
where Z t and Z α are renormalization constants. We introduced the energy scale µ so that t and α are dimensionless constants. We adopt that t and α are positive: t > 0 and α > 0. The renormalized field φ R is defined by
where we introduced the renormalization constant Z φ for the field φ. Then, the Lagrangian with renormalized quantities is
where φ indicates the renormalized field φ R . We consider the Euclidean action for convenience. The action for the sinh-Gordon model in d dimensions reads
III. RENORMALIZATION GROUP EQUATIONS
A. Renormalization of α
We consider tadpole diagrams to take account of the renormalization of α up to the lowest order of α (Fig.  1) [6, [31] [32] [33] . Using the expansion cosh φ = 1 + (1/2)φ 2 + (1/4!)φ 4 + · · · , the hyperbolic cosine function is renormalized in a similar way to the sine-Gordon model, as
The expectation value φ 2 is evaluated as
where we put
m 0 was introduced to avoid the infrared divergence and Ω d is the solid angle in d dimensions. In general, the divergent terms such as t n /ǫ n for n ≥ 2 will be cancelled in a renormalization procedure. We choose Z α to cancel the divergence as
near two dimensions. We have µ∂α 0 /∂µ = 0, since the bare coupling constant α 0 is independent of the energy scale µ. This leads to
Similarly we have
Because Z t = 1 up to the lowest order of α, we obtain up to the first order of t,
This results in
This expression holds near two dimensions. It then appears that β(α) has zero only at α = 0 since t > 0, which is shown in Fig. 2 . β(α) is always negative indicating that the asymptotic freedom is a feature of sinh-Gordon model.
Tadpole diagrams for the renormalization of α.
The beta function β(α) as a function of α. The arrow indicates the flow as µ → ∞.
B. Renormalization of t
Let us examine the renormalization effect on the coupling constant t. We consider the correction to the kinetic part of the action. The correction to the action in the second order of α is given by
The term with cosh
gives an effective potential with high-frequency mode, which is not examined in this section.
The second term cosh Z φ (φ(x) − φ(x ′ )) will give a correction to the kinetic term, thus to the renormalization of t.
Based on the tadpole approximation where we consider diagrams shown in Fig. 1 
Then we have
The correlation function φ(x)φ(x ′ ) is written as
where K 0 (z) is the zeroth modified Bessel function.
) becomes very small when |x − x ′ | is small. A dominant contribution comes from the region where |x − x ′ | is large. This indicates that S (2) gives no contribution to the renormalization of the kinetic term since we cannot expand S (2) with respect to r where r = x ′ − x. Thus, there is no renormalization of t up to the second order of α. This is in contrast to the result for the sine-Gordon model where exp(−Z φ φ(x)φ(x ′ ) ) becomes very large for x − x ′ ∼ 0. The beta function for t is now given as
IV. WILSON RENORMALIZATION GROUP METHOD
Let us examine the renormalization group theory for the sinh-Gordon model based on the Wilson renormalization group method. In Wilson's method, we start from the action
with the cutoff Λ in the momentum space. We consider corrections to the action when we reduce the cutoff from Λ to Λ − dΛ. The field φ(x) is divided into two terms φ(x) = φ 1 (x) + φ 2 (x) where
The action is written as
The last term S 1 is regarded as a perturbation. Since the potential cosh β(φ 1 + φ 2 ) is approximated as
the correction to the action S 0 (φ 1 ) in the lowest order is given by
cosh(βφ 1 )
where · · · indicates the expectation value with respect to the action S 0 (φ 2 ):
with
where the correlation function in this formulation is
where φ 2 (k)φ 2 (−k) = 1/k 2 and J 0 (z) is the zeroth Bessel function.
The correction to S 0 (φ 1 ) in the second order of α is given by
The first term with cosh(β(φ 1 (x) + φ 1 (x ′ ))) gives a potential of the form cosh(2φ 1 ) which we neglect in this section. exp −β 2 φ 2 (x)φ 2 (x ′ ) − 1 in the second term becomes small as |x − x ′ | decreases. Hence there is also no renormalization effect for the coupling constant t up to the order of α 2 in this formulation. Then, the effective action for the field φ 1 with the cutoff Λ − dΛ is
We perform the scale transformation to let the cutoff be Λ:
where dℓ = dΛ/Λ. We have
The effective action reads
where we set ζ = e 2dℓ . This indicates that t is not renormalized and g is renormalized to g + dg:
The equation for α reads
Hence, we obtained the same equation as in the previous section and the effective α increases as the cutoff Λ decreases to the low-energy region. Because we examined the derivative in the descent direction for Λ → Λ − dΛ, the above equation has opposite sign to the equation in Eq. (18) . Since dΛ is related to dµ as d ln Λ = −d ln µ, we have the same equation. Since the beta functions in the dimensional regularization method were obtained by fixing bare quantities, we used a partial derivative expression in Sect. 3.
V. RENORMALIZATION GROUP FLOW
The renormalization group equations in the lowest order of α and t are
In two dimensions (d = 2), we have t = t 0 = constant and
where we adopt that α = α 0 at µ = µ 0 . The flow as µ → ∞ is shown in Fig. 3 . t remains constant, and α decreases and approaches zero. For d near 2, the solution is given by
where t 0 and α 0 are initial values of t and α. In the limit d → 2, this set of solutions reduces to that for d = 2. The renormalization group flow is shown in Fig.  4 for general d. In the high-energy region the effective α becomes vanishingly small, and instead in the low-energy region α becomes very large and will dominate the lowenergy property. The function in Eq. (43) is important in the theory of the sinh-Gordon model. In a variational theory [20] , the expectation value of the potential energy is expressed with this function. 
VI. RENORMALIZATION OF HIGH-FREQUENCY MODES
In the renormalization procedure in the previous section a high-frequency mode such as cosh(2φ) appears that we have neglected so far. We examine the renormaliza- tion of high-frequency terms in this section. Let us consider the action:
where φ 1 and φ 2 were defined in Sect. 4. g n ≡ α n /t (n = 1, 2, ...) are the coupling constants and β = √ t. The lowest-order correction in the Wilson method is
The second-order correction is given as
where C Λ is a constant:
Then, the effective action is
After the scaling transformation x → x ′ = e −dℓ x, this action results in the scaling equations
Since g n = α n /t, we have
(51) For small n (n = 1, 2, ...), the equations for α n are
α 1 obviously decreases to zero in the high-energy region. Thus, α 2 and α 3 also decreases as the energy scale increase. Hence the sinh-Gordon theory with highfrequency modes remains an asymptotically free theory.
VII. SUMMARY
We have presented a renormalization group analysis of the sinh-Gordon model. The analysis is based on the dimensional regularization method and also the Wilson renormalization group method. A set of beta functions were derived and its scaling property was discussed. In contrast to the sine-Gordon model, the sinh-Gordon model exhibits an asymptotic freedom with vanishing α in the limit µ → ∞ in two dimensions (d = 2). Up to the second order of α, the coupling constant t is not renormalized in two dimensions. In Ref. [20] , the ground-state energy was estimated by using a variational wave function. The same function as in Eq. (43) appears in the evaluation of the potential energy and plays an important role. This indicates that the two results are consistent. We have also examined the generalized model with interactions α n cosh(nβφ) (n = 1, 2, ...). It was shown based on the Wilson method that the equation for α 1 remains the same and that the generalized sinh-Gordon theory is an asymptotically free theory. We obtain the same renormalization group equations by employing the dimensional regularization method, where the coefficients for higher-order terms are slightly modified.
The sinh-Gordon model belongs to a universality class showing asymptotic freedom. The nonlinear sigma model and non-Abelian Yang-Mills theory also belong in this class. Thus the sinh-Gordon model is an interesting model and may be applied to various phenomena in the future. In the infrared region, the parameter α increases and dominates the property of the system. The physical property is determined by the potential energy cosh φ. In this region, φ may be small since the kinetic term is negligibly small. Then, cosh φ can be expanded by φ to investigate the low-energy property. The effective action is given by a φ 4 theory:
where we did the scale transformation φ → √ tφ.
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